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Abstract 
 
Commercial laminated glass is usually composed of two glass layers and an 
interlayer of PVB. The viscoelastic behaviour of the PVB layer has to be taken into 
account when dealing with dynamic loads. This paper shows different Finite 
Element (FE) models developed to characterize laminated glass. Results are 
contrasted with data from different reference test cases. First, a quasi-static test is 
reproduced with a 2d model through a transient analysis. In addition, flexural modes 
of vibration in a free-free test configuration have been analysed using 2d as well as 
3d FE models. Apart from using transient analysis in order to simulate the dynamic 
behaviour of laminated glass, an iterative procedure has been employed which 
permits to identify the correct value of the shear modulus of the PVB layer for each 
mode in an eigenvalue analysis. 
 
Keywords: laminated glass, viscoelasticity, temperature dependency, frequency 
dependency, simplified numerical models, iterative modal identification, PVB. 
 
1  Introduction 
 
As a result of its increasing importance, many improvements have been made since 
laminated glass was invented. Its increasing popularity comes from its multiple uses 
as it can be applied for many safety and security needs, varying only its thickness. 
Commercial samples are usually composed of two or more glass layers with a 
thickness of either 2.9 mm or 3.8 mm and an interlayer of polyvynil butiral (PVB 
from now on) 0.38 mm thick, but more layers can be added to produce stronger 
glass. While commercial thicknesses can be sufficient for many applications such as 
curtain walls or windshields, additional layers of PVB and glass are used to obtain 
the increased strength needed for bulletproof products. 
Thus, it turns out to be necessary to model this composite material with such 
interesting characteristics for human safety and security for design purposes [1]. 
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While the static behaviour is well understood and several design codes like [2] are 
available, the dynamic response of laminated glass is an important research topic 
due to its complex nature. In the context of dynamic analysis glass can be 
considered as a linear elastic material while PVB is considered to behave 
viscoelastically. The time dependent viscoelastic properties imply transient dynamic 
analyses in order to represent stress relaxation and creep. The PVB layer is generally 
almost ten times thinner than the glass layers leading to finer meshes so as to obtain 
well-shaped elements. Hence, models become more intricate and calculation times 
increase notoriously. 
 
 
2  Objective 
 
The computer time needed to run 3D models is very large and consequently their use 
is normally limited to benchmark studies. For this reason these models are 
impractical for parametric studies even though they return reliable results that agree 
with those from different reference test cases. 
Therefore, the paper’s main objective is to represent the mechanical behaviour of 
laminated glass subjected to dynamic loads with simplified models that return 
results of reasonable accuracy but requiring shorter simulation times. A comparison 
will be made throughout the paper between the different models proposed. 
 
 
3  Material characterisation 
 
3.1 Glass characterisation 
 
Even though there are many different types of glass, it may be considered a 
homogeneous, isotropic and linear elastic material within the range of time scales 
and temperatures considered throughout this paper. The most important properties of 
the particular type of plane glass used in the benchmark cases are listed in Table 1. 
 
Young’s modulus Poisson’s ratio Density 
E=72 GPa ν=0.22 ρ=2500 kg/m3 
 
Table 1: Glass properties 
 
3.2 PVB characterisation 
 
PVB is both time and temperature dependent; thus, it is considered as a linear 
viscoelastic material. The time-dependent response is characterised by separated 
volumetric and deviatory terms, being the first characterised by the bulk modulus K 
whereas the shear modulus G reflects the deviatory behaviour. This is shown in 
Equation (1). Here ϵν and ϵd are, respectively, the volumetric and deviatory strain 
tensors.  
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The bulk modulus of PVB is considered to be constant throughout this study. The 
shear modulus can be represented by a Prony series as shown in equation (2). 
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More information about the modelling of viscoelastic material behaviour can be 
found in standard text books like [3],[4],[5],[6] and [7]. Parameters of the Prony 
series have been obtained by means of testing PVB material. Since the bulk modulus 
is considered constant, the test has been carried out to determine the Prony series 
parameters of Young’s modulus E and making the necessary transformations to 
determine the corresponding values of the shear modulus. The tests have been 
carried out at the reference temperature of 20ºC. Results are shown in Table 2 and 3. 
 
Instantaneous 
shear modulus Bulk modulus Poisson’s ratio Density 
G0=1.19 GPa K=2 GPa ν=0.3908 ρ=1030 kg/m3 
Table 2: PVB properties 
 
G
iα  Giτ  (s)   Giα  Giτ  (s) 
0.151 3.09 e-07  0.0137 3.032 
0.191 3.08 e-06  0.00211 30.23 
0.141 3.07 e-05  0.000946 301.5 
0.184 0.0003066  9.65 e-05 3007 
0.139 0.003057  0.000275 3.00 e+04 
0.122 0.03049  0.000154 2.99 e+05 
0.054 0.304    
 
Table 3: Prony series parameters at a reference temperature of 20ºC 
 
Temperature dependence has been characterised using one of the most commonly 
used shift functions: the Williams-Landel-Ferry shift function (WLF from now on), 
which is shown in Equation (3) [3]. WLF constants are given in Table 4. 
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WLF constants 
C1 C2 Tref 
49.806 328.46 20ºC 
 
Table 4: WLF shift function constants 
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Time and frequency dependency of the shear modulus is represented in Figures 1 
and 2, respectively. 
 
 
 
Figure 1: Shear modulus vs. time at different temperatures 
 
 
 
Figure 2: Shear modulus vs. frequency at different temperatures 
 
4  Quasi-static analysis 
 
Previous to the modal analysis, a quasi-static test has been simulated in order to 
verify the simplified 2d model. To this end, a four line bending test has been 
employed applying displacements at very low speed. As the time dependency of the 
shear modulus of the PVB layer may not be neglected, a transient analysis has been 
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prepared and the behaviour of the PVB and the glass has been compared with the 
test results. 
In what follows, the tests and the model are described in detail.  
 
 
 
 
4.1 Test description 
 
A four point bending test has been carried out on a 8mm thick laminated safety glass 
sample with a 0.76mm PVB layer, 100mm wide and 300mm long. A similar test 
setup as the one proposed by European Standard EN 1288-1:2000 [7] was used 
nevertheless this Standard refers to plane monolithic glass. On Figures 3 and 4 the 
way in which the sample has been placed for testing is shown. 
 
 
 
 
 
1. Sample 
2. Bending roller 
3. Support roller 
4. Rubber band 
Lb = 200 mm 
Ls = 250 mm 
 
Figure 3: Four point bending test description 
 
 
 
 
Figure 4: Real test setup 
 
 
 
In order to measure flexural deformations, two strain gauges have been placed: the 
first one (gauge G1) in the centre of the plate and the second one (gauge G2) 65 mm 
away from gauge G1. Figure 5 shows the positions of these gauges. 
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Length (mm) Width (mm) Thickness (mm) Accelerometers 
500 100 3+0.38+3 6 
 
Table 5: Sample characteristics 
 
The six accelerometers have been equidistantly spaced along the centre line of the 
test specimen, thus allowing only identification of bending modes.  
Mean results from several tests employing the stochastic subspace identification 
method (SSI) are condensed in Table 6. 
 
Mode fn (Hz) ζ (%) 
1 130.78 1.103 
2 354.47 1.629 
3 690.86 2.989 
4 1106.86 3.430 
 
Table 6: Results obtained with the SSI method 
 
5.2 Iterative modal identification 
 
As a first approach for modal identification, an iterative procedure has been applied 
taking into account the frequency dependency of PVB’s shear modulus. The value 
of the shear modulus is chosen for each target modal frequency. Afterwards, a finite 
element modal analysis is done and the corresponding modal frequency of interest is 
compared to the one for which the shear modulus had been chosen. If the absolute 
difference between both of them is greater than 10-3 Hz, the shear modulus is 
readjusted. The process is then repeated for each mode and sample. The flow chart 
on Figure 11 will clarify the process. 
 
 
 
Figure 11: Iterative modal identification flow chart 
 
Consequent to the process, simulation times need to be small enough to make the 
iterative modal identification feasible. As a result, a three-dimensional solid model 
with a coarse mesh has been employed. 
In this model the entire sample is meshed with 20 elements along the length and 4 
along its width. One element is used for each of the three layers. This mesh is 
selected as it returns very similar results as those extracted from another three-
dimensional finite element model with a much finer mesh, requiring only 5 seconds 
per iteration instead of 10 minutes. 
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A high order three-dimensional 20-node solid element that exhibits quadratic 
displacement behaviour is chosen. Each node has three degrees of freedom: 
translations in the nodal directions x, y and z. 
In order to model the two strings that support the sample, a uniaxial tension-only 
three-dimensional spar element is selected. With the tension-only option, the 
stiffness is removed during transient dynamic analyses if the element goes into 
compression. To represent the influence of the accelerometers, structural masses are 
used. The geometry and imposed boundary conditions are illustrated in Figure 12. 
 
 
 
Figure 12: Geometry and boundary conditions of the 3d solid model 
 
Results comparison in terms of natural frequencies is shown in Table 7. The relative 
difference εfn between experimental and numerical results regarding the natural 
frequency is defined in Equation (4). 
 
  ·100%test
n
test
n n
f
n
f f
f
ε −=  (4)
 
Mode 
TEST RESULTS MODAL ANALYSIS 
fn (Hz) fn (Hz) nfε  (%) 
1 130.78 133.01 1.71 
2 354.47 364.27 2.76 
3 690.86 704.19 1.93 
4 1106.86 1132.83 2.35 
 
Table 7: Comparison of test and modal analysis results 
 
It can be seen that the iterative modal analysis gives nominal frequency results with 
errors lower than 3%.  
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5.3.2 3d solid model 
 
A more sophisticated model is required in order to validate the simplified one. As 
has been shown before, the plane model estimates quite correctly the first natural 
frequency using transient dynamic analysis and with the simplified iterative modal 
analysis the resulting frequencies of the first four bending modes have been 
determined with relative differences of less than 3%. While the frequencies may be 
determined to within acceptable errors, the differences between the obtained 
damping values are very large. Therefore, a 3d solid model has been employed in 
order to confirm the damping ratios obtained with the plane model. 
 
The calculation has been focused on the first natural frequency in order to limit 
computer time. For the same reason the recommended number of cycles has been 
slightly relaxed to 80 instead of 100. On the other hand the number of time steps per 
cycle has been chosen to be 60 in order to increase the precision of the identified 
damping values. 
 
As the study has been focused on the first natural frequency, a symmetric model that 
considers half of the test specimen is sufficient for the identification.  
 
The model has been meshed with 25 elements along the length and 10 along its 
width. Three elements have been used along the thickness of each glass layer and 
one for the PVB layer. 
 
The influence of the accelerometers has been accounted for by including structural 
masses. 
 
 
 
 
 
5.4 Results comparison 
 
Results obtained from the 2d as well as 3d models for the first mode are presented 
together with the test results in Table 8. 
 
The relative difference εζ between experimental and numerical results regarding the 
damping ratio is defined in Equation (9). 
 
  ·100%test
test
ζ
ζ ζε ζ
−=  (9)
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 Test 
results 
Iterative Modal 
Analysis 
Transient Analysis 
 Plane model Solid model 
Mode fn (Hz) fn (Hz) nfε  (%) fn (Hz) nfε  (%) fn (Hz) nfε  (%) 
1 
130.78 133.01 1.71 133.6 2.16 132.9 1.62 
ζ (%) ζ (%) ζε  (%) ζ (%) ζε  (%) ζ (%) ζε  (%) 
1.103 - - 0.177 83.95 0.09 91.84 
 
Table 8: Damping ratios identified employing SSI algorithm 
 
The results obtained from the 3d solid model confirm those obtained with the 2d 
models demonstrating that the simplified models behave in a correct way.  
 
The three methods employed to determine the natural frequencies return acceptable 
results being the relative difference between experimentally and numerically 
obtained values always below 3%. However, the damping ratio shows similar 
differences for both 2d and 3d models with regard to the test results. Therefore, it 
seems that these models do not reflect adequately the damping mechanisms present 
during the tests. 
 
Further investigations are being carried out in order to clarify this issue. On one 
hand, it may be possible that the damping of the glass layers has to be taken into 
account. On the other hand, it’s also thought that the accelerometer cables introduce 
some amount of damping which may be important considering the generally low 
damping ratios. To check this, more tests are going to be carried out eliminating the 
cables and measuring displacements by means of a laser device. 
 
 
 
6  Conclusions 
 
Different laminated glass tests have been simulated with the FE method in order to 
investigate the influence of important parameters like the time step size or duration 
of the numerical simulation on the values obtained for natural frequencies and 
damping ratios. The results obtained indicate that the number of cycles during the 
simulation should be at least 100 while it is recommended that the number of time 
steps per cycle should be at least 30. The latter value should be increased when 
damping values have to be determined with high precision. Using a smaller time 
step leads to higher values for the identified frequency and to lower damping ratios.  
 
It has been shown that even quasi-static tests have to be simulated by means of 
transient analysis as the time dependency of the PVB layer is important. It is of 
primary importance to account for all environmental factors which affect the 
material properties during the tests like temperature variations.  
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The results obtained show that the 2d models may be used for the identification of 
bending modes or the simulation of the four point bending test. This is particular 
interesting when using iterative procedures or performing parametric studies as 
computer time is crucial in these cases. An iterative procedure has been presented to 
estimate the natural frequencies taking into account the frequency dependence of the 
shear modulus of the PVB layer. 
  
To identify damping ratios a free-free test configuration has been used. The test 
specimen has been excited randomly by a pen and the acceleration time histories 
have been analysed with the SSI method. The test has been simulated with 2d and 3d 
models and with both types of models the natural frequencies could be identified 
with reasonable accuracy. However, a quite big difference exists between 
experimentally and numerically obtained damping ratios. It is thought that the FE 
models do not include all the dissipative mechanisms that worked during the tests 
like for instance the damping of the glass layers or the accelerometer cables. Further 
studies are necessary to clarify this issue.  
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